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Constraint optimizationMachine learning

Constraint Optimization Problems (COPs) 
with unknown parameters

Predict+Optimize

Capacity: 2000
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[Demirovi ć et al., 2019a], 
[Demirovi ć et al., 2019b], 
[Elmachtoub and Grigas, 2022]



• Constraint Optimization Problem (COP): 

𝑥𝑖 = ቊ
0,
1,

max
𝑥

𝑥1 + 2𝑥2 + 3𝑥3

𝑠. 𝑡. 10𝑥1 + 10𝑥2 + 10𝑥3 ≤ 20

𝑥𝑖 ∈ 0,1 ∀𝑖 ∈ 1,2,3

the ith item is not selected

the ith item is selected

Knapsack Problem
• 3 items, each with a weight 𝑤𝑖 and a value 𝑣𝑖, 

the capacity 𝐶𝑎𝑝 is limited.

• Select items so that 
• the total weight is no more than the capacity and 

• maximize the total value
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Objective 
function

Constraints

A constraint is a condition of an optimization 
problem that the solution must satisfy.

Decision 
variable

𝑤1 = 10
𝑣1 = 1

Item1

Item2 Item3

𝐶𝑎𝑝 = 20

𝑤2 = 10
𝑣2 = 2

𝑤3 = 10
𝑣3 = 3



• Constraint Optimization Problem (COP): 

max
𝑥


𝑖
𝑣𝑖𝑥𝑖

𝑠. 𝑡. σ𝑖𝑤𝑖𝑥𝑖 ≤ 𝐶𝑎𝑝

𝑥𝑖 ∈ 0,1 ∀𝑖 ∈ 1,2,3

Knapsack Problem
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Problem parameters

Optimal solution:
𝑥1 = 0, 𝑥2 = 1, 𝑥3 = 1

NP-hard

𝑤1 = 10
𝑣1 = 1

Item1

Item2 Item3

𝐶𝑎𝑝 = 20

𝑤2 = 10
𝑣2 = 2

𝑤3 = 10
𝑣3 = 3

• 3 items, each with a weight 𝑤𝑖 and a value 𝑣𝑖, 
the capacity 𝐶𝑎𝑝 is limited.

• Select items so that 
• the total weight is no more than the capacity and 

• maximize the total value



Some problem parameters may be unknown
• The value 𝑣𝑖 is unknown.

• Select items so that 
• the total weight is no more than the capacity and 

• maximize the total value

• COP with Unknown Parameters:

• 𝜃: unknown parameters, e.g., 𝜃 = 𝑣1, 𝑣2, 𝑣3
• 𝐴: feature matrix

• Hardness

• Smoothness
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𝑤1 = 10
𝑣1 = ?

Item1

Item2 Item3

𝐶𝑎𝑝 = 20

𝑤2 = 10
𝑣2 = ?

𝑤3 = 10
𝑣3 = ?

Hardness: 4
Smoothness: 2.5

Hardness: 3
Smoothness: 3

Hardness: 2
Smoothness: 4

Optimal solution:
𝑥1 =? , 𝑥2 =? , 𝑥3 =?

• 𝐴 =
3
4
2

3
2.5
4
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Some problem parameters may be unknown
• The value 𝑣𝑖 is unknown.

• Select items so that 
• the total weight is no more than the capacity and 

• maximize the total value

• COP with Unknown Parameters:

• 𝜃: unknown parameters, e.g., 𝜃 = 𝑣1, 𝑣2, 𝑣3
• 𝐴: feature matrix

• Hardness

• Smoothness
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𝑤1 = 10
𝑣1 = ?

Item1

Item2 Item3

𝐶𝑎𝑝 = 20

𝑤2 = 10
𝑣2 = ?

𝑤3 = 10
𝑣3 = ?

Hardness: 4
Smoothness: 2.5

Hardness: 3
Smoothness: 3

Hardness: 2
Smoothness: 4

Optimal solution:
𝑥1 =? , 𝑥2 =? , 𝑥3 =?

• 𝐴 =
3
4
2

3
2.5
4

• Historical data: 𝐴1, 𝜃1 , 𝐴2, 𝜃2 , … , 𝐴𝑘 , 𝜃𝑘

𝐴𝑖 , 𝜃𝑖 =
2
2
3

2
3
1
,
3
4
2

6

Historical features True parameters



Knapsack Problem
• Constraint Optimization Problem (COP):

max
𝑥


𝑖
𝑣𝑖𝑥𝑖

𝑠. 𝑡. σ𝑖𝑤𝑖𝑥𝑖 ≤ 𝐶𝑎𝑝

𝑥𝑖 ∈ 0,1 ∀𝑖 ∈ 1,2,3

• COP with Unknown Parameters:
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max
𝑥


𝑖
𝜃𝑖𝑥𝑖

𝑠. 𝑡. σ𝑖𝑤𝑖𝑥𝑖 ≤ 𝐶𝑎𝑝

𝑥𝑖 ∈ 0,1 ∀𝑖 ∈ 1,2,3

• Aim: 

• learn a prediction function 𝑓

• given current features, use 𝑓 to generate 
predicted parameters መ𝜃

• try to estimate optimal solution(s) of the 
COP by using መ𝜃

Unknown
parameters

𝑤1 = 10
𝑣1 = ?

Item1

Item3

𝐶𝑎𝑝 = 20

𝑤2 = 10
𝑣2 = ?

𝑤3 = 10
𝑣3 = ?

Hardness: 4
Smoothness: 2.5

Hardness: 3
Smoothness: 3

Hardness: 2
Smoothness: 4

Optimal solution:
𝑥1 =? , 𝑥2 =? , 𝑥3 =?

Historical data: 
𝐴1, 𝜃1 , … ,

𝐴𝑖 , 𝜃𝑖 =
2
2
3

2
3
1
,
3
4
2

,

…

Item2



Predict Optimize

How to solve the problem
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Features
Machine 
learning 
techniques

Predicted 
parameters

Constraint 
optimization 
problems

solutions

Predict+Optimize VS Classical approaches
Main difference: 

error measurement

Aim: good estimated 
solutions of the COP 
under the true 
parameters

[Demirovi ć et al., 2020],
[Elmachtoub and Grigas, 2022],
[Guler et al., 2022]



Classical approaches: predict then optimize
2 separated stage approach:

• Predict: Use standard machine learning techniques to estimate parameters independently of the COP;

• Optimize: Use these estimated parameters to solve the COP
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• Training: find a good prediction function that can make best forecast 



Parameters

Prediction 
function 𝑓1

Classical approaches: predict then optimize

Prediction 
function 𝑓2

True values

መ𝜃1 = 1.5,1,2

𝜃 = 1,2,3

መ𝜃2 = 10,20,30

2 separated stage approach:

• Predict: Use standard machine learning techniques to estimate parameters independently of the COP;

• Optimize: Use these estimated parameters to solve the COP

Error measurement 

𝑀𝑆𝐸 መ𝜃1, 𝜃

= 1.5 − 1 2 + 1 − 2 2 + 2 − 3 2

= 2.25

𝑀𝑆𝐸 መ𝜃2, 𝜃

= 1 − 10 2 + 2 − 20 2 + 3 − 30 2

= 1134
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Prediction 
function 𝑓1

Classical approaches: predict then optimize

Prediction 
function 𝑓2

True values

መ𝜃1 = 1.5,1,2

𝜃 = 1,2,3

መ𝜃2 = 10,20,30

2 separated approach:

Predict: Use standard machine learning techniques to estimate parameters independently of the COP;

Optimize: Use these estimated parameters to solve the COP

MSE: 2.25

MSE: 1134

Classical approaches aim at minimizing the 
difference between estimated parameters values 
and true parameters values.

 Prediction function 𝑓1 is better.

The prediction part is 
independent of the COP.

Parameters
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Parameters

Prediction 
function 𝑓1

Knapsack 
problem

Prediction 
function 𝑓2

True values

መ𝜃1 = 1.5,1,2

𝜃 = 1,2,3

መ𝜃2 = 10,20,30

However…
the best forecast may have a poor result when employed in the COP
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𝑥∗ መ𝜃1 :

𝑥1 = 1, 𝑥2 = 0, 𝑥3 = 1

Estimated optimal solution

𝜃 = 1,2,3

𝑜𝑏𝑗 𝑥∗ መ𝜃1 , 𝜃 :

𝑥1 + 2𝑥2 + 3𝑥3 = 4

Estimated 
optimal value



Parameters

Prediction 
function 𝑓1

Knapsack 
problem

Prediction 
function 𝑓2

True values

መ𝜃1 = 1.5,1,2

𝜃 = 1,2,3

መ𝜃2 = 10,20,30

MSE: 2.25

MSE: 1134

Prediction 
function 𝑓2
is better

However…
the best forecast may have a poor result when employed in the COP
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𝑜𝑏𝑗 𝑥∗ መ𝜃1 , 𝜃 : 4

𝑜𝑏𝑗 𝑥∗ መ𝜃2 , 𝜃 : 5

Objective value

𝑜𝑏𝑗 𝑥∗ 𝜃 , 𝜃 : 5
True 

optimal value
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Predict+Optimize
Take the COP into account when doing the prediction

Parameters

Prediction 
function 𝑓1

Prediction 
function 𝑓2

True values

መ𝜃1 = 1.5,1,2

𝜃 = 1,2,3

መ𝜃2 = 10,20,30

Error measurement

COP: 𝑜𝑏𝑗 𝑥∗ 𝜃 , 𝜃 − 𝑜𝑏𝑗 𝑥∗ መ𝜃1 , 𝜃 = 1

COP: 𝑜𝑏𝑗 𝑥∗ 𝜃 , 𝜃 − 𝑜𝑏𝑗 𝑥∗ መ𝜃2 , 𝜃 = 0

True 
optimal 

value

Estimated
optimal 

value

−New error measurement: 
regret

Estimated 
optimal 

value

Estimated 
optimal 

value

True
optimal 

value

True
optimal 

value

[Demirovi ́c et al., 2019a], [Demirovi ć et al., 2019b], 
[Guler et al., 2022] 



Comparison

Classical approaches Predict+OptimizeVS

Prediction 
function 𝑓1

Prediction 
function 𝑓2

True values

መ𝜃1 = 1.5,1,2

𝜃 = 1,2,3

መ𝜃2 = 10,20,30

MSE: 2.25

MSE: 1134

Parameters
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Prediction 
function 𝑓1

Prediction 
function 𝑓2

True values

መ𝜃1 = 1.5,1,2

𝜃 = 1,2,3

መ𝜃2 = 10,20,30

regret: 1

regret: 0

Parameters

+ COP

+ COP

+ COP

[Demirovi ́c et al., 2019a], [Demirovi ́c et al., 2019b], 
[Guler et al., 2022] 



Related Works

• The regret function is non-differentiable, which is 
unfriendly to any gradient-based learning process

• All of the related works focus on how to overcome 
the non-differentiability and train with the new 
loss. 
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Related Works
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What if the constraints also 
contain unknown parameters?



• Eg. 

Estimated weights: ෞ𝑤1 = ෞ𝑤2 = ෞ𝑤3 = 5

Estimated optimal solution: 
𝑥1 = 𝑥2 = 𝑥3 = 1

(True weights: 𝑤1 = 𝑤2 = 𝑤3 = 10 )

• The estimated optimal solution may be 
infeasible under the true parameters

• Knapsack with unknown weights

max
𝑥


𝑖
𝑣𝑖𝑥𝑖

𝑠. 𝑡. σ𝑖 𝜃𝑖𝑥𝑖 ≤ 𝐶𝑎𝑝

𝑥𝑖 ∈ 0,1 ∀𝑖 ∈ 1,2,3
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infeasible

𝑤1 = ?
𝑣1 = 1

Item1

Item2 Item3

𝐶𝑎𝑝 = 20

𝑤2 = ?
𝑣2 = 2

𝑤3 = ?
𝑣3 = 3

Optimal solution:
𝑥1 =? , 𝑥2 =? , 𝑥3 =?

If the constraints contain unknown parameters

Unknown parameters 
in constraints



Regret is inapplicable

• Unknown parameters appearing in constraints (more complex)

• the estimated optimal solution may be out of the true solution space
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Estimated optimal 
solution

Feasible region

• Regret: does not take feasibility into account

𝑅𝑒𝑔𝑟𝑒𝑡 መ𝜃, 𝜃 = 𝑜𝑏𝑗 𝑥∗ መ𝜃 , 𝜃 − 𝑜𝑏𝑗 𝑥∗ 𝜃 , 𝜃
Estimated 

optimal 
value

True
optimal 

value

inapplicable



Estimated optimal 
solution

Correctional 
predicted solution

Correction function

Feasible region

Our Work: Correction Function
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Some applications:

allow solution modification after true parameters are revealed

The space of possible correction functions : 
problem and application specific

• correction function should map 
(a) every feasible solution to itself and 
(b) each infeasible solution to one in 
the feasible region



• If the weights are unknown?

max
𝑥


𝑖
𝑣𝑖𝑥𝑖

𝑠. 𝑡. σ𝑖 𝜃𝑖𝑥𝑖 ≤ 𝐶𝑎𝑝

𝑥𝑖 ∈ 0,1 ∀𝑖 ∈ 1,2,3

• When the total weight of the selected 
items exceeds the capacity:

Case Study 1: Knapsack

21

𝑤1 = ?
𝑣1 = 1

Item1

Item2 Item3

𝐶𝑎𝑝 = 20

𝑤2 = ?
𝑣2 = 2

𝑤3 = ?
𝑣3 = 3

Optimal solution:
𝑥1 =? , 𝑥2 =? , 𝑥3 =?

• Correction function 1: remove all items

• Correction function 2: remove the items one by 
one in increasing order of values



Our Work: Correctional Regret
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To cater for unknown parameters appearing in constraints

Estimated 
optimal solution

Corrected 
optimal solution

Correction function 

• Correctional regret:

𝐶𝑅𝑒𝑔𝑟𝑒𝑡 𝜃, 𝜃 = 𝑜𝑏𝑗 𝑥∗ 𝜃 , 𝜃 − 𝑜𝑏𝑗 𝑥∗ 𝜃 , 𝜃 +
Corrected 

optimal value
True

optimal value

COP

• Correction function:

Penalty 
term

E.g. knapsack problem 
with unknown 
weights: removal fee



Comparison algorithms
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Experiment Setting

Comparison

algorithms

Branch and learn 

(B&L) [Hu et al., 2022] 

Branch and learn with 

correction 

(B&L-C)

Linear regression 

(LR) 

k-nearest neighbors 

(k-NN) 

Classification and 

regression tree (CART)

Random forest 

(RF) 

Category Predict+Optimize method Extension of B&L

Trained by Regret Correctional regret

Tested by

Classical regression methods

Mean square error (MSE)

Correctional regret

proposed



Minimum cost vertex coverMaximum flow
• Unknown parameters in constraints

• 2 Real-life graphs

• USANet, 24 vertices and 43 edges

• GEANT, 40 vertices and 61 edges

• Artificial and real-life datasets

• Unknown parameters in both the objective 
and constraints

• 2 Real-life graphs

• ABILENE, 12 vertices and 15 edges

• GEANT, 11 vertices and 34 edges

• Artificial and real-life datasets
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Experiment Setting



Real life dataset

• ICON energy-aware scheduling 
competition

• Also used in previous works on 
Predict+Optimize

• Each parameter has 8 features

Artificial dataset
• 100 ∗ sin 𝑎1 ∗ sin 𝑎2 + 10 ∗
sin 𝑎3 ∗ sin 𝑎4

Experiment Dataset

25



Experiment Results: Maximum Flow
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• B&L-C achieves the best performance in all cases.

• The performance differences among different methods are larger in the real-life dataset, and the 
advantages of B&L-C are more obvious.

• All methods achieve better performance in the real-life dataset. This is consistent with how the artificial 
dataset is purposefully designed to be highly non-linear, and thus more difficult to estimate.

TOV: 
True Optimal Value

≥ 25% smaller 
correctional regret 

≥ 0.3% smaller 
correctional regret 

16-24% relative error 2-3% relative error 



Experiment Results: Minimum Cost Vertex Cover
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• B&L-C has the best performance in all cases with the real-life dataset.

• On the artificial dataset, all algorithms perform essentially the same.



Summary

• Predict+Optimize: unknown parameters in objectives + constraints
• Challenge: estimated solutions may be infeasible

• Correction function

• Correctional regret

• Experiment results
• Maximum flow problem: unknown capacities

• Minimum cost vertex cover problem: unknown costs + edge values
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